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Abstract 

We disclose the Lie algebraic structure of two extended Sutherland 
models. Their Hamiltonians are BCn, and An Sutherland Hamiltonians 
with some additional terms. We show that both Hamiltonians can be 
written in the quadratic forms of generators of the Lie algebra gl(N + 1). 
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1 Introduction 

The quasi-exactly-solvable models have been developed considerably over last 
decade. Ten years ago the crucial definition of quasi-exact-solvability was madeP 
The author defined the quasi-exact-solvability as follows. Let T n be the space 
of polynomials of degree < n. 

Definition 1 Let us name a linear differential operator of the k-th order, 
quasi-exactly-solvable, if it preserves the space V n - Correspondingly, the oper- 
ator Ek, which preserves the infinite flag Vq C V\ C V% C • • ■ C V n C ■ • • of 
spaces of all polynomials, is named exactly-solvable. 

In particular, if operators can be represented by the elements of the enveloping 
algebra of a certain Lie algebras realized in terms of differential operators pre- 
serving the space V n , they are quasi-exactly-solvable. Following this concept, 
various quasi-exactly-solvable models have been proposed. In referencePthe au- 
thors obtain the s^-based deformation of the Calogero models. An, BCn, Bn, 
Cn, and Dn Calogero and Sutherland Hamiltonian, as well as thier supersym- 
metric generalizations are shown to have expression in the quadratic polynomials 
in the generators of the Lie algebra or the Lie superalgebra for the supersym- 
metric caseP Moreover the sl(N+ 1) deformation of the Calogero models, whose 
Hamiltonians have the quadratic and sextic self-interaction terms, are shown to 
be quasi-exact-solvableP Recently the quasi-exact-solvable models are classified 
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by using the new family of Ajy-type Dunkl operators which includes the usual 
Dunkl operator^ 

The purpose of this paper is to obtain the explicit Lie algebraic form of 
the extended Sutherland Hamiltonians, following the method explained in the 
referenceP We consider here two kinds of Hamiltonians. One of them is an 
extended Hamiltonian of the -BCV-Sutherland model, which has an additional 
term: 

N 

{gi cos 2 2xi + 2<72 cos 2a;i } . (1) 

i=l 

The other is an extended Hamiltonian of the A/v-Sutherland model, which has 
an additional term: 

N 

{ gi cos 4xi + t/2 cos 2xi + g% sin Axi + 54 sin 2xi } . (2) 

»=i 

These Hamiltonians are indicated in the referenceP 

This paper is arranged as follows. In section 2, we consider an extended 
-BCjv-Sutherland Hamiltonian. First we rotate it with the ground state eigen- 
function as a gauge fuctor. Then we rewrite the gauge rotated Hamiltonian in 
terms of the elementary symmetric polynomials. Finally we arrive at the ex- 
plicit form of the Hamiltonian in quadratic form of generators which generate 
the Lie algebra gl(N + 1). In section 3, we show an extended A^-Sutherland 
Hamiltonian has Lie algebraic form as the same technique as in section 2. 

2 Extended BCn- Sutherland model 

In this section we begin with the case of the extended -BCV-Sutherland Hamil- 
tonian. 



2.1 Hamiltonian 

The Hamiltonian for the Sutherland model of type BCn iPl 



N 



H 



^ d 2 



1 



+ 



1 



N 



+ 4 5 3 £-i- 

r— f sin 2x 

2—1 



sin (x i — Xj ) sin (xi + xj ) 

.94 



N 1 

: c :,,2 



Sin 2 Xi 



(3) 



where g, 33 and 34 are coupling constants. From the Hamiltonian (PJ we can 
deduce the Hamiltonian of the Sutherland models of type Bn, Cn, Dn as fol- 
lows: 



.93 = 
54 = 
.93 = .94 = 



Bn, 
Cn, 
D N . 



We will consider a Hamiltonian with the external potentiaP 

N 

^ {<7i cos 2 2xi + 2g 2 cos 2xj} , 



(4) 



i=i 
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that is, 
H 



i=l 
N 



sin (xi — Xj) sin (xi + xj) 



( 1 

7 < gi cos 2 2xi + 2g 2 cos 2xi + 4g 3 — =- 
r— i I sin 

z— 1 v 



., +94—^2— 

ZXj sin x, 



(5) 



where 



.9 
01 



K^-i), 



52 = ^i{l + 2n + 2(iV- 1)^ + ^3 + ^4} (n6Z), 
.93 = -vafa - 1), 

g 4 = 1/3(^3 - 1) - 1/4(^4 - 1). 

Let us call the Hamiltonian (JSJ the extended BCV-Suthcrland Hamiltonian. 
2.2 Gauge rotation 

First we make a gauge rotation of the Hamiltonian JSJ) with the ground state 
eigenf unction 



TTsin(a:j — Xj) sm{xi + Xj) 



■ N 
Y[ COS Xi 



' N 

n 



sin Xi 



N 

JJexp f-y cos2x^ 



as gauge factor, H = fi 1 Hji. Using the relation 



JV 

E 



E 



cos(a;i — Xj) cos(xi + xj) 
sin(xi — Xj) sin(xi + Xj) 



COS 2 (a^i — Xj) ^ COS 2 (Xi + Xj ) 

sin 2 (2^ — Xj) sin 2 (2;.; + Xj) 



constant, 



(6) 



(7) 



it is not difficult to obtain that 

JV ^9 JV 

H = - 

i=l 



E^-^Ej-E 

i=i 1 i(^) 



cos(xi — Xj) cos(xi + Xj) 
sin(xi — Xj ) sin(xi + Xj ) 



(8) 



+(^3 + ^4) — 



cos 2xi 



1 



8 



sin 2xi 



sin 2x 



-Anv\ cos 2xj , 



i=i 



hereafter we will omit the constant terms. 
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2.3 Lie algebraic form 

In order to disclose the Lie algebraic structure of the gauge rotated Hamiltonian 
(J8J, it is expedient to rewrite the Hamiltonian H in terms of the elementary 
symmetric polynomials. Let be the i-th elementary symmetric polynomials 
of cos 2x, 



N 



ei = 



C-2 



63 = 



cos 2xj, 

i=l 

cos 2a;, cos 2xj 



cos 2a;^ cos 2a; j cos 2x k , 

j<i<fc 



eiv 



cos 2x i cos 2x2 • • ■ cos 2x n ■ 



Lemma 1 In these variables {ei, e2, . . . , e^}, the gauge rotated Hamiltonian H 
becomes 



N 



H 



-4 { Nek-iei-i - 



i>0 



(k - i)e k _iei +i + (Z - 1 + «)efc- 



i-m-i+i 



-(k-2- i)e k - 2 -iei+i — (1+1 + i) e fc-i-« e i+i+i 



d d 

de k dei 



N f 

+4^ iu(N - k+ 2)(N -k + l)e k - 2 

k=l [ 



+ 



('k 



vk(2N -k-l) + 2v 3 k + k 

eie k + (N-k + l)e fc _i + (k + l)e k+1 



d 
de k 



+Vl 

+Anv\e\. 

Proof. After the change of variables xi — > ej, the Hamiltonian (JSJl is 



fc,i=l i=l 



fc=i i=i 
cos(xi — Xj) ( de k de k 



dxf de k 



' ^-^ dxi dxi de k de< ' ^— ^ 

-EE 



sin(xi — Xj) 9a; 
cos(xi + Xj) ( de k de k 



d 



sin(a;i + a;j) \dxi dxj J ( de k 



N N 



-2(v 3 + v 4 )J2J2 



k=l i=l 



cos 2xi de k d 
sin2a;i dxi de k 



(9) 



(10) 
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+2(^3 -1/4) EE- 



1 dek d 



fc=l i=l 



sin 2xi dxi dek 



n n 8e 8 N 

—1v\ > > sin 22^ — — — 1- 4ni/i > cos2xi 

^ ^ dxi de k f-f 



fc=l i=l 

As an example, let us demonstrate how to express 

JV 



Xk = sin 2x. 



i=i 



dxi 



(11) 



in terms of the elementary symmetric polynomials. Let us consider the gener- 
ating function of X k : 



N 



x(t) = j2 x " tk 



fc=0 

Note that the generating function of elementary symmetric polynomials e k is 

JV 



E(t) = E e kt k = exp 

fc=0 

where p n are the power sums: 

p„(cos2a;) = E cos ™ 2 



°2, (-i)n+l 

> ^ — - p„(cos2a;)f' 

— J 71 



(12) 



i=l 



Calculating the generating function X(t), we have 



N 



*(*) - E 



fc=0 
JV 



N 



E] sin 2a 



i=i 



JV 



dek 

' dxi 



(13) 



E sin2 ^E^ 



JV 



fc=0 



dE{t) 



} sin 2xi , 

2— 1 

2 1 E(- 1 )>™-i( cos2a; ) fl - E(- 1 )>«+i( cos2x ) r \ E ®- 



It is not difficult to show that 

X(t) = 2 U (cos2x) -Nt + t 2 ^--^ E(t). 

Substituting E{t) = J2k=o e kt k in JH|), we find that 

X k = 2 {eie fe - (AT - k+ l)e k ^ - (k + l)e k+1 } 
One can show the other parts similarly. 



(14) 

(15) 
□ 
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Next we will realize the Lie algebra gl(N+l) in terms of elementary symmet- 
ric polynomials. One of the simplest realization of gl(N + 1) is the differential 
realization. The generators can be represented in the following form: 



J.r = 



J i.i 



A (i = l,2,...,JV), 
m-S- (*, J = 1,2,..., iV), 



A' 



.7° 



i=l 



<9e, ; ' 



e.J (t = 1,2,...,JV), 



(16) 
(17) 

(18) 
(19) 



where the parameter n is an integer. 

If n is a non-negative integer, the generators act on the representation space 
of polynomials in N variables of the following type 



I n = span < e 1 e 



N 



o < Ui - n 



(20) 



With simple algebraic transformations from we obtain the following 
result. 

Proposition 1 We obtain the Lie algebraic form of the gauge rotated extended 
BCn -Sutherland Hamiltonians as follows: 



H 



N 



-4E Ut^-E 

k,l = l I i>0 



(fc-*)(^-M^-^04° fe ) 



— (fe — 2 — i)(Jk-2-i,l Jl+i,k ^i0^fc-2 : fc) + 1 + i)Jk-i-ijJl+i+i,k 

N ( 

+4j2\»(N-k + 2)(N - k + 1) J°_ 2 , fc + v x (N-k + 1) 4_i, k 

k=l [ 



+ uk(2N-k- l) + 2is 3 k + k 

+4i/ 1 J 1 +. 
Here we define 



Jik + Mk+l)4 +1 , k 



(21) 



4i = Ji (i = l,2,...,N). 



3 Extended A^- Sutherland Hamiltonian 



In this section we devote to a consideration of the extended /l^r-Sutherland 
Hamiltonian with using the same approach as in the previous section. 
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3.1 Hamiltonian 

A second Hamiltonian we deal with is an extension of A^-Sutherland model: 

N Q2 i 

ff = -SsF +9 g^ra' (22) 

Considering the external potentiaP 

N 

2 {51 cos4x 4 + 2^2COs2xi + 2^3 sin 4x^ + 2g± sin 2x{\ , (23) 
»=i 

we define a Hamiltonian 

w a 2 1 

H = ~^dxf +9 ^sm 2 (x l -x J ) 

1=1 1 l^J y 1 ■>' 

N 

+2 {gi cos4xi + 2<72 cos 2xi + 2g% sin4xi + 2g4 sin 2xi} (24) 

2=1 

where coupling constants 3, 31, 32> 33, 34 satisfy 
9 = v(v-l), 

9i = (/?- 7)08 + 7), 

32 = (7 + a/3 + Ti'j + vy{N — 1)), 

.93 = 07j 

34 = (07 - - n/3 - i//3(JV - 1)). 
We call the Hamiltonian (|24|l the extended ^4jv-Suthcrland Hamiltonian. 

3.2 Gauge rotation 

Similarly to what was done in section 2 for the extended -BCjv-Sutherland Hamil- 
tonian, we first make a gauge rotation of l|24(l with the ground state eigenfunc- 
tion 

N 

/i(x) = JJsin"(xj — Xj) JJcos™ Xi exp [axi + /3sin2xj — 7 cos 2^] (25) 

i<j 2=1 

as a gauge fuctor H = ii^Hu.. It is not difficult to obtain 

~ " r,V^ COS(x, ;- Xj) SlUXi 

t—f axf f— ' sin ^ — a;,-) cosx^ 

2—1 £ 2 — 1 ^ i^j X J ' 

\ d 

+(a + 2/3cos2x i + 27sm2x i H — (26) 



dx,; 



N 



n(n — 1) tan 2 Xj + 2vn tan Xi tan : 

2—1 i<j 
N 

+2n{a - 2(3) V] tan X*. 



2=1 
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3.3 Lie algebraic form 

Next we rewrite the gauge rotated Hamiltonian (|26|l in terms of the elementary 
symmetric polynomials of tana;. 



JV 



ei = tan x\ , 

i=l 

e 2 = tan xi tan : 



'3 > 



i<3 



tan tan tan a;^ , 

i<j<fe 



ejy = tanxi tana;2 • • • tanx^v. 

Numerous but straightforward calculations similar to what we made in the 
proof of lemma 1 leads to the following representation. 



H 



N ( 

^ S ^e fc „ie;_i - eie k +iei - eie fc e i+ i + (e\ - 2e 2 )e k ei 
^ (fc - 2 - i)e fc _2-ie ;+i - (i - 1 + i)ek-\-i&i-\+i 

i>0 - 

+2(k - i)e k ^iei +i - 2(1 + 1 + «)efc-i-ie i+ i + j 
+ (fc + 2 - i)e fc+2 -ie i+i - (i + 3 + i)e k ^ 1 ^ i ei +3+ 

N ( 

v lli \ (N — k + 2)(N — k+ l)e fe _ 2 
fe=i I 

k(N - fc) + e 2 e fc + (fc + l)fce fc + 2 

(fc + 2)e fc+2 - eie k +i + (fc + e\ - 2e 2 )e k 

N { 1 d 

+2n | (fc + 2)e fc+2 - eie k+1 + (k + e\ - 2e 2 )e fc j — 

AT 

-2" E 



_d__d_ 

de k dei 



d 

de k 



E 2 

fc=i I 



<9e fc 



fe=i 

JV 

-4/3 E" 
fc=i 

JV 



iV-(fc-l) 



jV-(fc_i) 



e fe _i + eiefc - (fc + l)e fc+ i 



efc-i - eie fe + (fc + l)e fc+ i > - — 

oe k 



fc=i 



-n(n - l)(e\ - 2e 2 ) + 2vne 2 + 2n(a - 2/3) ei 



(27) 
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Now we use the same realization <|16ll - H19|) °f Lie algebra gl{N + 1). With 
simple algebraic transformations from i|27|) . we derive the following result. 

Proposition 2 We obtain the Lie algebraic form of the gauge rotated extended 
An -Sutherland Hamiltonian j£7| ) as follows: 



H 



N 



- \ N4-l,lJl-l,k + E ( fc - 2 - 0( J k-2-i,lJl+i,k - *i0Jk-2,k) 

k,l=l { i>0 - 

+2(fe - i)(J° k _ itl J° +a - S i0 J kik ) -2(1 + 1 + »)J2_ 1 _ i ,,J? +1+<ifc 



+ (fc + 2 - i)( J fc ° +2 _ M Jf +a - <W fc ° +2 , fc ) - + 3 + i) J° k _i-i,i Jl 



N 



J2\HN-k+ 1)(N - k + 2)4_2,k - 



k=l 



2kv(N -k) + 8jk 



l+3+i,k 



J k,k 



-2(a + 20)(N - k +l)J° 



vk(k + 1) + 2(n - l)(k + 2) 



'k+2,k 



(28) 



N 



JY 



-2 £ 4° + i, fc ^ + + 2(n + !/ + 1) J+ + 2(q - 20) J? - 2 £ J° fe J+ - J+J+ 



fc=i 



fc=i 



_ffere we define Jq j; = (i—1.2,. . . ,N). 
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